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The determination of kinetic parameters  such as the apparent Michaelis constant (K~ app.) 
of enzymic reactions occurring at a mixed interface, that is, at a solid/liquid interface where 
the catalyst is bound to the solid phase, can lead to values that are too high when an unstirred 
layer is present. The per turbat ior ,  for which an equation is derived in this paper, depends on 
the thickness of the unstirred layer, the maximal catalytic rate, and the diffusion constant. An 
additional error is introduced by the graphical determination of K= using the Lineweaver-  
Burk plot since after transformation the relation is not linear if an unstirred layer is present. 
A numerical example shows that apparent  Michaelis constants obtained from in vitro 
experiments involving immobilized enzymes can lead to misleading results originating from 
conditions used in experiments such as stirring rate (CSTR-continuous stirred tank reactors) 
or flow rate (packed-bed reactors) of substrate. This can partly be explained by a greater bias 
of the K~ determination caused by unstirred layers of the liquid medium (substrate) being 
present around the solid particles onto which the enzyme molecules are attached. 

INTRODUCTION 

Diffusion plays a significant part in the overall efficiency of catalytic reac- 
tions that occur at mixed interfaces. Since the early 1960s the work done 
with immobilized enzymes, that is, enzymes that have been attached to 
insoluble polymeric matrices of various chemical and physical properties 
(1-3), has often shown how the diffusion of the substrate onto the active site 
of the enzyme molecules present on the insoluble polymeric matrix affects 
not only the catalytic efficiency of the enzyme but has also led to some 
anomalous kinetics. 

Diffusion may be classified largely into the following: 
(a) External mass transport 
(b) Internal mass transport 
(c) Film diffusion--caused by the unstirred layer 
(d) Pore diffusion 

It has already been shown by Sundaram, Tweedale, and Laidler (3) that in a 
membrane or particle, in which enzyme molecules are spread uniformly over 
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its entirety, partitioning of the substrate molecules and the diffusion 
constant of the substrate molecules can perturb the kinetic parameters of the 
system. In another t reatment involving a microencapsulated enzyme 
Sundaram (4) showed that external and internal mass transport of the 
substrate/product  do not perturb the Michaelis-Menten kinetics of the 
system. However  the significance of the membrane resistance in such a 
system was pointed out. 

A paper  by Sundaram and Joy (5) deals with problems in the analysis 
and interpretation of kinetic data obtained ~vith immobilized glutamate 
dehydrogenase and urease assayed in packed-bed reactors. 

This paper  deals with film diffusion or the diffusion of substrate 
molecules across the unstirred layer and the effects thereof on (1) the kinetic 
parameters  which are measured by conventional means and (2) the 
significance of these kinetic parameters,  in particular the Michaelis constant. 

T H E O R Y  

The  catalytic efficiency of an enzyme immobilized on the surface of an 
insoluble polymeric matrix will depend on how easily the substrate mole- 
cules become accessible to it from the bulk of the solution. The availability of 
the substrate molecules or the concentration of the substrate at the polymer 
surface will depend upon the rate of diffusion or external mass transport of 
the substrate through the unstirred layer next to the polymer surface. This 
mass transport rate may be denoted by: 

dp = D / • ( s  - s ' )  (1) 

where r is the transport rate per unit area (molsec -1 cm-Z); D is the 
diffusion constant of the substrate in the unstirred layer (cm 2 sec-l); 6 is the 
thickness of the unstirred layer (cm); s' is the substrate concentration at the 
polymer surface (M); and s is the substrate concentration in the well-mixed 
bulk phase (M). 

6 denotes an "equivalent"  thickness because there is no sharp boun- 
dary but only a diffuse boundary between the bulk phase and the unstirred 
layer. Net flux of water is excluded and as such there is no solvent drag 
phenomenon.  

Reaction rate of an immobilized enzyme may be represented by a 
modified Michaelis-Menten equation which incorporates into it the term 
representing the rate of mass transport or diffusion of the substrate through 
the unstirred layer as follows: 

V = d p ( K , , + s ' ) / s '  or d~ = V s ' / ( K , , + s ' )  (2) 
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Here  the enzyme concentrat ion te rm is omitted and is given a value of unity. 
V =  apparent  maximal enzymic rate per unit area (molsec  -1 cm -z) of 
immobilized enzyme. 

In the steady-state there are two cases: (1) the case of a m e m b r a n e  
particle that contains a uniform distribution of enzyme, and (2) enzyme 
molecules which are attached to the surface groups of an insoluble polymer.  
In the former  case, as has already been shown by Sundaram, Tweedale,  and 
Laidler (3), the distribution of the substrate [s'] within the m e m b r a n e  
dictates the efficiency of the bound enzyme as a catalyst whereas in the latter 
case the substrate molecules will be broken down as soon as they come into 
contact with the surface of the polymer  containing the enzyme molecules. 

In the former  case it may be assumed that the transport  across the 
unstirred layer and the partit ioning of the substrate between the steady-state  
concentration in the unstirred layer and the polymeric matrix are the two 
key factors affecting the catalytic rate. In the latter case only the t ransport  
f rom the bulk phase on to the po lymer  surface through the unstirred layer 
need be considered since the substrate molecules are catalytically broken  
down as soon as they reach the active sites of enzyme molecules present  on 
the polymer  surface. 

The concentration of the substrate s '  at the surface of the po lymer  is 
unknown and cannot be directly measured.  As such, s, the substrate 
concentration in the bulk phase which varies depending upon exper imental  
conditions, is used. 

Taking equations (1) and (2) we get a quadratic equation: 

s'2 + s ' [Km - s + ( V 6 / D ) ]  - sKin = 0 (3) 

Equations (1) and (3) give 

r = ( D / 6 ) { O . 5 [ K , ,  + s + ( V ,5 /D)]  + [0.25[Km - s + ( V~5/D)] 2 + s K , . ]  1/2} 

(4) 

For  two special cases simpler equations can be derived: 
Case  i .  s'  << Kin, that is, 4~ is related in a nearly linear fashion to the 

concentration at the polymer  surface. With K , . + s ' ~ K , ,  we get f rom 
equation (1) and (2) 

and 

s'  = s / [1  + ( V 6 / K m D ) ]  (5) 

ck = s / ( 8 / D )  + (Kin~ V )  (6) 

The apparent  mass t ransport  or diffusion rate is proport ional  to the bulk 
phase concentration but the rate is less when the unstirred layer is present  
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because of the additional term 8 /D.  The denominator  of equation (6) is the 
transport  resistance. 

Case 2. s'>>Km, that is, the region of saturation for the catalytic 
system. With K,, +s '  ~ s '  we get from equation (1) and (2) 

s' = s - ( V S / D )  (7) 

and 

= v (8) 

The apparent mass transport coincides with the catalytic rate and the 
K,, app. is equal to half the maximal catalytic rate. Setting ~b = 0.5 V in 
equation (4) we get 

s (for ~b = 0.5 V) = K,, + (0.5 V S / D )  (9) 

Using the bulk phase concentration instead of the concentration at the 
surface a too-high value for K,, app. is obtained as indicated by the "bias 
t e rm"  in equation (9). The error increases with 8, the thickness of the 
unstirred layer, and the Vmax. 

In vigorously stirred cell suspensions the thickness of the unstirred layer 
can be as small as 5 to 10/zm (6, 7). Larger  values of 20 to 170/zm have been 
meaasured in well-stirred in vitro preparations consisting of millipore filters 
(8) and lipid bilayer (9). Thus the values of 0.1 to 0.5 mm assumed for 8 in 
the calculations involved in Figs. 1 and 2 are quite reasonable. 

Figure 1 graphically demonstrates the influence of the unstirred layer 
on the kinetics of an immobilized enzyme. From curve 1 (unstirred 
layer absent) K,, is determined correctly. From curves 2 and 3 (unstirred 
layer present) a double and six-fold higher K,, is obtained. Assuming 
V,,,ax = 0.06 mol sec -1 c m  -2 ,  K~ = 3 mM, and D = 0.5 �9 10 -5 c m  2 sec -1, 
curve 2 corresponds to an unstirred layer of thickness 8 = 0.1 mm and 
curve 3 to 8 = 0.5 mm. The curves demonstrate that an unstirred layer 
reduces the mass transport or diffusion at low substrate concentrations, thus 
reducing the rate of enzymic catalysis. Approaching the region of saturation 
the reduction of the rate of mass transport  decreases. The conditions used in 
this figure represent a reaction catalyzed by urease immobilized on an 
uncharged polymer. 

Figure 2 shows additional error being introduced in obtaining Km from 
a Lineweaver-Burk  plot. The unstirred layer introduces a nonlinearity in 
double reciprocal plots and different values of K,, app. may be obtained 
depending upon where the extrapolation is made from (curves 2 and 3 in Fig. 
2). Curve 2 yields a four-fold to-high K,, app. value if extrapolated from 
4~ = 0.5 V and data from below 0.5 V yields eight-fold too-high a Km app. 
value. 
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FIG. 1. The influence of the unstirred layer on the kinetics of an immobilized enzyme.  
Absc i s sa - - the  concentration of the subst ra te  in the bulk phase relative to the  Michaelis 
constant  s/Kin. Ord ina t e - - the  transport  rate of substrate relative to catalytic rate d~/V. Curve 
1, no unstirred layer (~ =0 ) ;  curve 2, 0.5 VS/D =Kin;  curve 3, 0.5 VS/D = 5  K,,. As suming  
V = 0.06 ~mol  �9 sec -1 cm -a, K m =  3 raM, and D = 0.5 - 10 -5 em 2 sec -1. Curve 2 corresponds 
to an unstirred layer of thickness ~ = 0.1 m m  and curve 3, S = 0.5 mm. 
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FIG. 2. Influence of the unstirred layer on the Lineweaver -Burk  plot of the kinetic data 
obtained from an immobilized enzyme.  Abscissa--reciprocal  of  relative concentrat ion;  
ordinate--reciprocal  of relative t ransport  rate. Other  details in Fig. 1. 
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In conclus ion  it mus t  be sa id  tha t  K,~ app.  va lues  a re  not  a d e q u a t e  for  
the  def in i t ive  analysis  of h e t e r o g e n o u s  catalysis .  H o w e v e r  the  cha l lenge  at  
h a n d  is (a) to  s e p a r a t e  the  effects of  d i f fus ion on  the  k ine t ic  p a r a m e t e r s  such 
as Km app.  f rom t rue  ca ta ly t ic  effects  and  (b) to de ve lop  the  m e a n s  of  
o p e r a t i o n  to  ob t a in  and use c lass ical  e n z y m e  p a r a m e t e r s  correct ly .  Th is  
p o i n t  is d i scussed  by  S u n d a r a m  and  Joy  (5). 

I t  is also impl ic i t  that  r ec ip roca l  effects b e t w e e n  the  diffusion of p r o d u c t  
a n d  r eac t i on  can exist  in the  ac t ive  layer .  H o w e v e r ,  an analysis  of e i the r  a 
subs t r a t e  o r  a p r o d u c t  g rad ien t  c a n n o t  be  u n d e r t a k e n  to  the  to ta l  exc lus ion  
of  e l ec t ros t a t i c  in te rac t ions ,  for  e x a m p l e ,  in the  case  of A E - c e l l u l o s e - u r e a s e  
m e n t i o n e d  in the  p rev ious  p a p e r  (5) the  inh ib i to ry  effects of NH~- ions  on  
u r ea se  in its pos i t ive ly  cha rged  m i c r o e n v i r o n m e n t  will be very  d i f ferent  f rom 
those  in h o m o g e n e o u s  r eac t ions  o r  in the  case  of a nega t ive ly  c h a r g e d  
p o l y m e r .  A d m i t t e d l y  an analys is  of this  n a t u r e  is ve ry  c o m p l i c a t e d  and  
p e r h a p s  canno t  be  dr iven  global ly .  

Thus  the  a s sumpt ion  in this  p a p e r  is t ha t  the  r eac t ion  at the  m i x e d  
in t e r f ace  is not  p e r t u r b e d  by  inh ib i t i on  o r  ac t iva t ion  by  e i the r  the  subs t r a t e  
a n d / o r  the  p roduc t .  I t  is c o n s i d e r e d  essen t ia l  to u n d e r s t a n d  a s impler  sys tem 
first b e f o r e  go ing  on  to m o r e  c o m p l i c a t e d  ones .  
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